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A CHARACTERIZATION OF POWERFUL p-GROUPS
JON GONZA´LEZ-SA´NCHEZ AND AMAIA ZUGADI-REIZABAL
Abstract. In [10] Benjamin Klopsch and Ilir Snopce posted the con-
jecture that for p ≥ 3 and G a torsion-free pro-p group d(G) = dim(G)
is a sufficient and necessary condition for the pro-p group G to be uni-
form. They pointed out that this follows from the more general question
of whether for a finite p-group d(G) = logp(|Ω1(G)|) is a sufficient and
necessary condition for the group G to be powerful. In this short note
we will give a positive answer to this question for p ≥ 5.
1. Introduction
We say that a finite p-group is powerful if [G,G] ≤ Gp if p is odd or
[G,G] ≤ G4 if p = 2. Powerful p-groups were first introduced by Lubotzky
and Mann in [13] and they have played a prominent role in studying finite
p-groups and compact p-adic analytic groups. By a result of Lazard, a
compact topological group G has an analytic structure over Qp if and only
if it has a finite index subgroup U which is finitely generated, powerful and
torsion-free [2]. A finitely generated torsion-free powerful pro-p group is
what we call a uniform group. A uniform group has a natural Lie algebra
structure which is given by the inversion of the Baker-Campbell-Hausdorff
formula and the additive structure of the Lie algebra defines the structure
of Qp-variety.
In [10] Klopsch and Snopce have conjectured that for an odd prime p a
torsion-free pro-p group is uniform if and only if the minimal number of
generators and the dimension coincide. They proved this conjecture in the
special case when the group is solvable leaving the general case open. They
also pointed out that this conjecture follows from the more general question
of whether for a finite p-group G and p an odd prime d(G) = logp(|Ω1(G)|)
is a sufficient and necessary condition for the group G to be powerful. This
question turned out to be false for the prime p = 3 (see Example 1). The
aim of this paper is to give a positive answer to this question for p ≥ 5, and
provide a counterexample for the prime p = 3.
Theorem A. Let p ≥ 5 and let G be a finite p-group . Then the following
conditions are equivalent:
(1) G is powerful,
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(2) d(G) = logp(|Ω1(G)|).
In a finite p-group G the minimal number of generators coincides with
logp(|G : G
p[G,G]|). Therefore one can refrase Theorem A by saying that
|Ω1(G)| = |G : G
p[G,G]| is a necessary and sufficient condition for a p-group
G to be powerful. In [6] Hethelyi an Levai proved that for a powerful p-group
G, one has |G : Gp| = |{g ∈ G | gp = 1}|, therefore this result can be seen as
a converse of this fact. Theorem B proves Theorem A and it also includes
a weaker version for the prime p = 3. The main ingredient for proving
Theorem B are the so-called ω-maximal groups, which were introduced in
[4] by Gonza´lez-Sa´nchez and Klopsch.
Theorem B. Let p be an odd prime, G a finite p-group and let k ≤ p−2 and
i ≥ 1 or k = p− 1 and i ≥ 2. Then the following conditions are equivalent:
(1) γk(G) ≤ G
pi,
(2) |G : Gp
i
γk(G)| = |Ω{i}(G)|.
Theorem B is false for k = p− 1 and i = 1. We will construct an infinite
family of counterexamples to this fact.
Theorem C. Given an odd prime p and a positive integer s ≥ p+ 1, there
exists a finite p-group G such that
(1) |G| = ps,
(2) G is of maximal class,
(3) |G : Gpγp−1(G)| = |Ω1(G)|,
(4) γp−1(G)  Gp.
The text is organized as follows: In Section 2 we recall the main properties
of ω-maximal groups; and in Section 3 we prove Theorem B and construct
the family of counterexamples that prove Theorem C.
Notation: Ω{i}(G) denotes the subset of elements of order p
i and Ωi(G)
the subgroup generated by the elements of order pi. Gp
i
will denote the
subgroup generated by the pi-powers of G. The rest of the notation is
standard in group theory.
2. ω-maximal groups and interchangeable words
Let G be a finite group and ω(x1, . . . , xn) ∈ F (X) an element in the free
group over the set X = {x1, . . . , xn}. The verbal subgroup ω(G) is defined
as the subgroup generated by the subset of G,
{ω(g1, . . . , gn) | g1, . . . , gn ∈ G}.
We say that G is ω-maximal if for all proper subgroupsH of G, |H : ω(H)| <
|G : ω(G)|. The theory of ω-maximal groups was studied in [4], but the
concept was already present in [14], [11] and [8]. An important family of
words are the so called interchangeable words. We say that a word ω is
interchangeable in a group G if for every normal subgroup N of G, one has
that
[ω(N), G] ≤ [N,ω(G)] · [ω(G), G]p · [ω(G), G,G].
We will need the following lemma about interchangeable words.
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Lemma 1. Let p be an odd prime and G a finite p-group, and let ω be equal
to one of the group words
(i) xp
i
[y1, . . . , yk] for some i, k ∈ N with k ≤ p− 1,
(ii) xp
i
[y1, . . . , yp−1]
pi−1 [z1, . . . , zp] for some i ∈ N with i ≥ 2.
Then ω is interchangeable in G.
Proof. For (i) see [4, Lemma 3.1]. In order to prove (ii), first notice that for
ω = xp
i
[y1, . . . , yp−1]
pi−1 [z1, . . . , zp],
and for G a finite p-group one has that
ω(G) = Gp
i
γp−1(G)
pi−1γp(G),
and for N a normal subgroup of G,
ω(N) = Np
i
γp−1(N)
pi−1γp(N).
We claim that
[ω(G), G]p[ω(G), G,G] = [G,G]p
i+1
[G,G,G]p
i
γp+1(G)
pγp+2(G).
Indeed, by [3, Theorem 2.5] and since i ≥ 2,
[Gp
i
, G] ≡ [G,G]p
i
(mod γp+1(G)
pγp+2(G)) and
[γp−1(G)
pi−1 , G] ≡ γp(G)
pi−1 (mod γp+1(G)
pγp+2(G)).
Therefore
[ω(G), G] ≡ [G,G]p
i
γp(G)
pi−1γp+1(G) (mod γp+1(G)
pγp+2(G)),
and by P. Hall collection formula,
[ω(G), G]p ≡ [G,G]p
i+1
γp(G)
pi (mod γp+1(G)
pγp+2(G)).
Similarly, by [3, Theorem 2.5],
[Gp
i
, G,G] ≡ [G,G,G]p
i
(mod γp+1(G)
pγp+2(G)) and
[γp−1(G)
pi−1 , G,G] ≡ γp+1(G)
pi−1 (mod γp+1(G)
pγp+2(G)).
Therefore, since γp+1(G)
pγp+2(G) is contained in [ω(G), G]
p[ω(G), G,G] we
have the desired equality
[ω(G), G]p[ω(G), G,G] = [G,G]p
i+1
[G,G,G]p
i
γp+1(G)
pγp+2(G).
Now, by [3, Theorem 2.4],
[Np
i
, G] ≡ [N,G]p
i
≡ [N,Gp
i
] (mod γp+1(G)
pγp+2(G)).
By the same theorem and since [γp(N), G] ≤ [γp(G), N ] (see [9, Lemma
4.9]), we deduce
[γp−1(N)
pi−1 , G] ≤ [N, γp−1(G)
pi−1 ]γp+1(G)
pγp+2(G).
Hence one can easily conclude that
[ω(N), G] ≤ [N,ω(G)] (mod [ω(G), G]p[ω(G), G,G]),
and ω is interchangeable in G. 
The theory of ω-maximal p-groups for which ω is an interchangeable word
is very particular and will lead to the proof of the main results of this paper.
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Theorem 2. Let ω be a word, and let G be a ω-maximal finite p-group such
that ω is interchangeable in G. Then one has ω(G) ≤ Z(G).
Proof. See [4, Theorem 3.3]. 
3. The characterization of powerful p-groups and uniform
pro-p groups
In this section we give the proof of Theorem B. We start with the case
p ≥ 5.
Theorem 3. Let p ≥ 5, k ≤ p− 2 and let G be a finite p-group . Then the
following conditions are equivalent:
(1) γk(G) ≤ G
pi,
(2) |G : Gp
i
γk(G)| = |Ω{i}(G)|.
Proof. (1) implies (2) follows from [15] or [5].
For the converse take
C = {H ≤ G | |H : Hp
i
γk+1(H)| ≥ |G : G
piγk+1(G)|}
and take K a minimal element in C with respect to inclusion. It follows that
for all subgroups H of K, |K : Kp
i
γk+1(K)| > |H : H
piγk+1(H)|. That
is, the subgroup K is ω-maximal for the word ω = xp
i
[y1, y2, . . . , yk+1].
By Lemma 1 we have that the word ω is interchangeable in G. Thus, by
Theorem 2, it follows that Kp
i
γk+1(K) ⊆ Z(K). Therefore the nilpotency
class of the group K is at most k+1 ≤ p−1. In particular the p-group K is
regular and |K : Kp
i
| = |Ω{i}(K)|. Then we have the following inequalities:
|G : Gp
i
γk+1(G)| ≤ |K : K
piγk+1(K)| ≤ |K : K
pi|
= |Ω{i}(K)| ≤ |Ω{i}(G)| = |G : G
piγk(G)|
≤ |G : Gp
i
γk+1(G)|.
Since the first and the last term are the same all the inequality are equalities.
Hence Gp
i
γk(G) = G
piγk+1(G). This implies that γk(G) ≤ G
pi . 
As a consequence we can provide a positive answer to the Question 1.9 in
[10] for p ≥ 5.
Corollary 4. Let p ≥ 5 and let G a finite p-group. Then the following
conditions are equivalent:
(1) G is powerful,
(2) d(G) = logp(|Ω1(G)|).
Proof. The proof follows immediately from the case k = 2 and i = 1 in the
previous theorem. 
And we can solve positively Conjecture 1.1 of [10] for p ≥ 5.
Corollary 5. Let p ≥ 5 and let G be a torsion-free p-adic analytic pro-p
group. Then the following conditions are equivalent:
(1) G is uniform,
(2) d(G) = dim(G).
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Proof. This follows from the previous corollary and Proposition 1.10 of [10].

For proving the case k = p − 1 we need to use the concept of i-regular
p-groups from the work of Bannuscher (see [1]). We say that a finite p-group
G is i-regular if for all x, y ∈ G
xp
i
yp
i
= (xy)p
i
z,
where z ∈ [〈x, y〉, 〈x, y〉]p
i
. We continue with the following lemma.
Lemma 6. Let G be a finite p-group and ω = xp
i
[y1, . . . , yp−1]
pi−1 [z1, . . . , zp]
for some i ∈ N with i ≥ 2. Then for a ω-maximal p-group G one has that
|G : Gp
i
| = |Ω{i}(G)|.
Proof. By Lemma 1, ω is interchangeable and by Theorem 2 ω(G) ≤ Z(G).
That is
[Gp
i
, G][γp−1(G)
pi−1 , G]γp+1(G) = 1.
Notice that by [3, Theorem 2.5]
[Gp
i
, G] ≡ [G,G]p
i
(mod γp+1(G)) and
[γp−1(G)
pi−1 , G] ≡ γp(G)
pi−1 (mod γp+1(G)).
In particular we have
[G,G]p
i
γp(G)
pi−1γp+1(G) = 1.
Therefore by P. Hall collection formula [7, Chap. III, Theorem 9.4], G is
i-regular. Hence, the lemma follows from [1, Satz 4]. 
Theorem 7. Let p be an odd prime, i ≥ 2 and G be a finite p-group . Then
the following conditions are equivalent:
(1) γp−1(G) ≤ G
pi,
(2) |G : Gp
i
γp−1(G)| = |Ω{i}(G)|.
Proof. (1) implies (2) follows from [6], [15] or [5].
For the converse put
ω = xp
i
[y1, . . . , yp−1]
pi−1 [z1, . . . , zp]
and take
C = {H ≤ G | |H : ω(H)| ≥ |G : ω(G)|}
and take K a minimal element in C with respect to the inclusion. It follows
that for all subgroups H of K, |K : ω(K)| > |H : ω(H)|. That is, the
subgroup K is ω-maximal. By Lemma 1 we have that the word ω is inter-
changeable in G. By the previous lemma one has that |K : Kp
i
| = |Ω{i}(K)|.
Then we have the following inequalities:
|G : ω(G)| ≤ |K : ω(K)| ≤ |K : Kp
i
|
= |Ω{i}(K)| ≤ |Ω{i}(G)| = |G : G
piγp−1(G)|
≤ |G : ω(G)|.
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Since the first and the last term are the same, all inequalities are equalities.
Hence Gp
i
γp−1(G) = G
piγp−1(G)
pi−1γp(G). This implies that γp−1(G) ≤
Gp
i
. 
We finish this section by giving a family of examples showing that Theo-
rem B can not be improved. These examples prove Theorem C.
Example 1. Take the Zp-lattice M = Span(x1, . . . , xp−1) of rank p−1, and
consider the following automorphism α of M :
α(xi) = xi+1 if i ≤ p− 2
α(xp−1) = x
−1
1 . . . x
−1
p−1.
α is an automorphism of order p that acts uniserially on M . Put M1 =M ,
and Mr = [Mr−1, α]. The semidirect product of M and 〈α〉 is the unique
pro-p group H of maximal class, furthermore, M is a maximal subgroup of
H and all elements of H \M are of order p (see [12, Section 7.4]). Therefore
by [7, Hilfssatz 10.9] for j = 1, . . . , p − 1, one has that
1 = (αjx)p = xp
p∑
i=1
[x,i α
j ](
p
i).
In particular
xp
p∑
i=1
[x,i α
j ](
p
i) = 1.
Put Nr = M/Mr and consider z a generator of Mr−1/Mr. Now, consider
Gr the non split extension
1 −→ Nr −→ Gr −→ Cp −→ 1,
where Cp = 〈y〉 and the extension is defined by the identity y
p = z and
the action of y in Nr is given by α. For any element in x ∈ Nr and for
j = 1, . . . , p− 1, by the previous identity and [7, Hilfssatz 10.9] we have
(yjx)p = yjpxp
p∑
i=1
[x,i y
j](
p
i) = zj 6= 1.
Therefore Ω1(Gr) = Ω1(M/Mr), in particular if r ≥ p, it follows that
|Ω1(Gr)| = p
p−1. On the other hand, since α acts uniserially on M , we
have |Gr : G
p
rγp−1(Gr)| = p
p−1. But clearly the group Gr does not satisfy
the inclusion γp−1(Gr) ≤ G
p
r .
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